We study the set of rational curves of a certain topological type in general members of certain families of Calabi-Yau threefolds. For some families we investigate to what extent it is possible to conclude that this set is finite. For other families we investigate whether this set contains at least one point representing an isolated rational curve. Our study is inspired by Johnsen and Kleiman (Johnsen, T., Kleiman, S. (1996) . Rational Curves of degree at most 9 on a general quintic threefold. Comm. Algebra 24(8):2721-2753).
INTRODUCTION
The famous Clemens conjecture says, roughly, that for each fixed d there is only a finite, but non-empty, set of rational curves of degree d on a general quintic threefold F in complex P 4 . A more ambitious version is the following:
The Hilbert scheme of rational, smooth and irreducible curves C of degree d on a general quintic threefold in P 4 is finite, nonempty and reduced, so each curve is embedded with balanced normal bundle O(À1) È O(À1).
Katz proved this statement for d 7, and in Nijsse (1995) and Johnsen and Kleiman (1996) the result was extended to d 9. An even more ambitious version also includes the statement that for general F, there are no singular rational curves of degree d, and no intersecting pair of rational curves of degrees d 1 and d 2 with d 1 þ d 2 ¼ d. This was proven (in Johnsen and Kleiman, 1996) to hold for d 9, with the important exception for d ¼ 5, where a general quintic contains a finite number of 6-nodal plane curves. This number was computed in Vainsencher (1995) .
We see that, in rough terms, the conjecture contains a finiteness part and an existence part (existence of at least one isolated smooth rational curve of fixed degree d on general F, for each natural number d ). For the quintics in P 4 , the existence part was proved for all d by S. Katz (1986) , extending an argument from Clemens (1983) , where existence was proved for infintely many d.
In this paper we will sum up or study how the situation is for some concrete families of embedded Calabi-Yau threefolds other than the quintics in P 4 . In Sec. 2 we will briefly sketch some finiteness results for Calabi-Yau threefolds that are complete intersections in projective spaces. There are four other families of Calabi-Yau threefolds F that are such complete intersections, namely, those of type (2, 4) and (3, 3) in P 5 , those of type (2, 2, 3) in P 6 , and those of type (2, 2, 2, 2) in P 7 . For these families we have finiteness results comparable to those for quintics in P 4 involving smooth curves. The existence question has been answered in positive terms for curves of low genera, including g ¼ 0 and all positive d, in these cases. See Kley (2000) and Ekedahl et al. (1999) .
In Sec. 3 we study the five other families of Calabi-Yau threefolds F that are complete intersections with Grassmannians G(k, n), namely, those of type (1, 1, 3) and (1, 2, 2) with G(1, 4), those of type (1, 1, 1, 1, 2) with answered, in positive terms for curves with g ¼ 0, for the types (1, 1, 3), (1, 2, 2), and (1, 1, 1, 1, 2). See Knutsen (2001b) .
In Sec. 4 we will study rational curves in families of Calabi-Yau threefolds F on four-dimensional rational normal scrolls in projective spaces. These threefolds will then correspond to sections of the anticanonical line bundle on the scroll, a very simple case of ''complete intersection''.
The main result of this paper, Theorem 4.3, ensures existence of at least one isolated smooth rational curve of given fixed topological type on general F, for each topological type (a bidegree (d, a)) within a certain range. The main steps of the proof of Theorem 4.3 are sketched in Sec. 4. There we also briefly investigate the possibilities for showing finiteness, applying similar methods developed to handle the complete intersection cases described above.
Sections 5 and 6 are devoted to the details of the proof of Theorem 4.3. In Sec. 5 we describe some general, useful facts about polarized K3 surfaces, and we make some specific lattice-theoretical considerations that will be useful to us.
In Sec. 6 we prove Theorem 4.3 step by step. In
Step (I) we prove Proposition 6.2, which describes curves on K surfaces, in Steps (II)-(IV) we produce threefolds, which are unions of one-dimensional families of K3 surfaces. We produce the desired rational curves on such threefolds and on smooth deformations of such threefolds.
Conventions and Definitions
The ground field is the field of complex numbers. We say a curve C in a variety V is geometrically rigid in V if the space of embedded deformations of C in V is zero-dimensional. If, furthermore, this space is reduced, we say that C is infinitesimally rigid or isolated in V.
A curve will always be reduced and irreducible.
COMPLETE INTERSECTION CALABI-YAU THREEFOLDS IN PROJECTIVE SPACES
In this section we will sketch the situation for the complete intersection Calabi-Yau threefolds in projective spaces. In Johnsen and Kleimen (1996) one wrote, regarding the finiteness question for (smooth) rational curves: ''The authors have checked the key details, and believe the following ranges come out: d 7 for types (3, 3) and (2, 4), and d 6 for types (2, 2, 3) and (2, 2, 2, 2). In fact, except for the case d ¼ 6 and F of type (2, 2, 2, 2), the incidence scheme I d of pairs (C, F) is almost certainly irreducible, generically reduced, and of the same dimension as the space P of F.'' Moreover, the ''full theorem'' for smooth rational curves in quintics, parallel to that of Nijsse (1995) , was:
Theorem 2.1. Let d 9, and let F be a general quintic threefold in P 4 . In the Hilbert scheme of F, form the open subscheme of rational, smooth and irreducible curves C of degree d. Then this subscheme is finite, nonempty, and reduced; in fact, each C is embedded in F with normal bundle O P 1( À 1) È O P 1( À 1).
We are now ready to give corresponding results for the four other complete intersection cases:
Theorem 2.2. Assume that we are in one of the following cases:
(a) d 7, and F is a general complete intersection threefold of type (2, 4) or (3, 3) in P 5 . (b) d 6, and F is a general complete intersection threefold of type (2, 2, 3) in P 6 . (c) d 5, and F is a general complete intersection threefold of type (2, 2, 2, 2) in P 5 .
In the Hilbert scheme of F, form the open subscheme of rational, smooth and irreducible curves C of degree d. Then this subscheme is finite, nonempty, and reduced; in fact, each C is embedded in F with normal bundle
. Moreover, in the cases (2, 2, 3) and d ¼ 7, and in the case (2, 2, 2, 2) and d ¼ 6, this subscheme is finite and non-empty, and there exists a rational curve C in F with normal sheaf
Proof. In all cases of (a), (b), and (c) one proceeds as follows: Let I d be the natural incidence of smooth rational curves C and smooth complete intersection threefolds F in question. One then shows that I d is irreducible, and dimI d ¼ dimG, where G is the parameter space of complete intersection threefolds in question. This is enough to prove finiteness. In Jordanger (1999) not only the key details, but a complete proof of this result, was given. Secondly, for each of the five intersection types (of CICY's in some P n ) one has the following existence result, proven in Kley (2000) and Ekedahl et al. (1999) . (Oguiso (1994) settled the (2, 4) case). It is also a special case of Knutsen (2001b, Thm. 1.1 and Rem. 1.2) and Kley (1999, Thm. 2 
.1).
Theorem 2.3. For all natural numbers d there exists a smooth rational curve C of degree d and a smooth CICY F, with normal sheaf
Using these two pieces of information Theorem 2.2 follows as in Katz (1986, p. 152-153) .
In the cases (2, 2, 3) and d ¼ 7, and (2, 2, 2, 2) and d ¼ 6, one proves dim I d ¼ dim G and combines with Theorem 2.3. &
CICY THREEFOLDS IN GRASSMANNIANS
There are several ways of describing and compactifying the set of smooth rational curves of degree d in the Grassmann variety G(k, n). See for example (Strømme, 1987) . Let M d,k,n denote the Hilbert scheme of smooth rational curves of degree
Plü cker embedding. Let G parametrize the set of smooth complete intersection threefolds with G(k, n) by hypersurfaces of degrees (a 1 , . . . , a s ) in
, and a 1 þ Á Á Á þ a s ¼ n þ 1. Adjunction gives that the complete intersections thus defined have trivial canonical sheaves, and thus are Calabi-Yau threefolds. An easy numerical calculation gives that there are five families of Calabi-Yau threefolds F that are complete intersections with Grassmannians G(k, n), beside those that are straightforward complete intersections of projective spaces P N (corresponding to the special case k ¼ 0, n ¼ N). It will be natural for us to divide these five cases into two categories: (a) Those where a i ¼ 1, for all i. These are of type (1, 1, 1, 1, 1, 1, 1) in G(1, 6) in P 20 , or of type (1, 1, 1, 1, 1, 1) in G(2, 5) in P 19 . The dimensions of the parameter spaces G of F in question, are 98 and 84, respectively. (b) Those where a i ! 2, for some i. These are of type (1, 1, 3) or (1, 2, 2) in G(1, 4) in P 9 , or of type (1, 1, 1, 1, 2) in G(1, 5) in P 14 . The dimensions of the parameter spaces of F in question, are 135, 95 and 109, respectively.
The existence question for rational curves of all degrees has been settled by the second author in Knutsen (2001b, Thm. 1.1 and Rem. 1.2) , where it is concluded that for general F of types (1, 1, 3), (1, 2, 2), or (1, 1, 1, 1, 2), and any integer d > 0, there exists a smooth rational curve
. For the types (1, 1, 1, 1, 1, 1, 1) and (1, 1, 1, 1, 1, 1) we know of no such result.
The finiteness question seems hard to handle in all these cases. Let I d be the incidence of C and complete intersection F. Denote by a the projection to the parameter space M d,k,n of points [C] representing smooth rational curves C of degree d in G(k, n), and by b the projection to the parameter space of complete intersections of the G(k, n) in question. A natural strategy is to look at each fixed rational curve C and study the fibre a À1 ([C]). If the dimension of all such fibres can be controlled, so can dim I d . A way to gain partial control is the following: Let M be a subscheme of M d,k,n , with dim M ¼ m, and assume that dim a
More refined arguments may reveal that in many such cases a À1 (M) is irreducible.
An obvious argument shows that if M is the subscheme of
Of course the rational normal curves for fixed n, k only occur for (low) d N À r, where G(k, n) is embedded in P N , and r is the number of i with a i ¼ 1.
For d ¼ 1, 2, 3 the only smooth rational curves of degree d are the rational, normal ones. In Osland (2001) it was shown for all five cases that I d is irreducible for d ¼ 1, 2, 3, and that on a general F there is no singular (plane) cubic curve on F. In a similar way, one can show that on a general F there is no pair of intersecting lines, and no line intersecting a conic and no double line. For the complete intersection types of category (b), one then has: Proposition 3.1. (i) Let d 3, and let F be a general threefold of a given type as described above. In the Hilbert scheme of F, form the open subscheme of rational, smooth and irreducible curves C of degree d. Then this subscheme is finite, nonempty, and reduced; in fact, each C is embedded in F with normal bundle O P 1( À 1) È O P 1( À 1). Moreover, there are no singular curves (reducible or irreducible) of degree d in F. We have dim I d ¼ dim G, and I d is irreducible.
(ii) For all natural numbers d the incidence I d contains a component of dimension dim G, and this component dominates G by the second projection map b.
Proof. Part (i) follows from the irreducibility of I d , for d ¼ 1, 2, 3, and the existence result in Knutsen (2001b) , using Katz (1986, p. 152-153) . Part (ii) follows from the same results, focusing only on one particular component of I d , corresponding to the curve found in Knutsen (2001b) . &
In Batyrev et al. (preprint) , one finds virtual numbers of rational curves of degree d on a generic threefold of each of the five types described. For the ones of category (b), there should be no problem in interpreting these numbers as actual numbers of smooth rational curves of degree d in a generic F, for d ¼ 1, 2, 3, but it is a challenge to prove the analogue of Part (i) for higher d.
An Analysis of the Incidence I d
For each of the five types one might ask whether it is reasonable to believe that dim Johnsen and Kleiman (1997) . (None of these pieces of information contradict the Clemens conjecture, which predicts that all components of dimension at least 126 project to some subset of G of positive codimension).
In each of the five types of complete intersection with Grassmannians G(k, n), a similar phenomenon occurs. The most transparent example is perhaps that of threefolds of intersection type (1 7 ) of G(1, 6) in P 20 . We now will show that in this case dim
For all points P of P 6 , look at H P ¼ P 5 in G(1, 6) parametrizing all lines through P. The subset of M d,k,n parametrizing curves in H P , only spanning a P 3 (inside H P inside G(1, 6) inside P
20
) has dimension 4d þ 8. There is a 70-dimensional family of 13-planes in P 20 containing a given P
3
.
Let J be the subset of I d thus obtained. The set of 3-spaces contained in some H P has dimension 6 þ dim G(3, 5) ¼ 14, so dim b(J) 14 þ 70 ¼ 84 < 98. Hence J, although big, gives no contradiction to the analogue of the Clemens conjecture.
To complete the picture we will also exhibit another part of the incidence I d of dimension 4d þ 69. This is larger than 98 for d ! 8. We will study the part of I d that arises from curves C in G(1, 6), such that its associated ruled surface in P 6 only spans a P 3 inside that P 6 . Each such curve is contained in a G(1, 3) in a P 5 inside P
20
, and a simple dimension count gives dimension 4d þ 69.
On the other hand, it is for example clear that a general P 13 inside P
(corresponding to a general (1 7 ) of G(1, 6)) does not contain a P 5 spanned by a sub-G(1, 3) of G(1, 6). This means that the subsets of I d , corresponding to curves C contained in a G(1, 3), such that C and G(1, 3) span the same P 5 , project by b to subsets of G of positive codimension. Some Schubert calculus reveals that the same is true for the part of I d corresponding to those C contained in a G(1, 3) and spanning at most a P 4 also. Hence the ''problematic'' part of I d in consideration here does not give a contradiction to the analogue of the Clemens conjecture.
For d ! 12, the part of I d arising from curves such that its associated ruled surface spans a P 4 inside P 6 will have dimension at least 5d þ 41, which is larger than 98. As above we see that general P 13 inside P 20 does not contain a P 9 spanned by a sub-G(1, 4) of G(1, 6). For d ! 15, the part of I d arising from curves such that their associated ruled surfaces spans a P 5 inside P 6 will have dimension at least 99. Let J be the subset of I d thus obtained. The set of 3-spaces contained in some H P has dimension 6 þ dim G(3, 5) ¼ 14, so dim b(J) 14 þ 70 ¼ 84 < 98. Hence J gives no contradiction to the analogue of the Clemens conjecture.
A similar phenomenon occurs for the case of threefolds of intersection type (1 6 ) of G(2, 5) in P 19 . We recall dim G ¼ 84 in this case. For a given C in G(2, 5), the associated ruled threefold in P 5 may span a 3-space, a 4-space, or all of P 5 . The former ones give rise to a part of the incidence of dimension 4d þ 68. This is equal to dim G for d ¼ 4, and I d is reducible then. For d ! 5 we see that dim I d > dim G.
RATIONAL CURVES IN SOME CY THREEFOLDS IN FOUR-DIMENSIONAL RATIONAL NORMAL SCROLLS
In this section we state the main result of this paper, Theorem 4.3, and we sketch the main steps of its proof. We also give some supplementary results, and remark on the possibility of finding analogues of our main result.
We start by reviewing some basic facts about rational normal scrolls. (1) on the corresponding P dÀ1 -bundle P(E) over P 1 . We map P(E) into P N with the complete linear system jLj, where N ¼ f þ d À 1. The image T is by definition a rational normal scroll of type (e 1 , . . . , e d ). The image is smooth, and isomorphic to P(E), if and only if e d ! 1.
Definition 4.2. Let T be a rational normal scroll of type (e 1 , . . . , e d ). We say that T is a scroll of maximally balanced type if e 1 À e d 1.
Denote by H the hyperplane section of a rational normal scroll T, and let C be a (rational) curve in T. We say that the bidegree of
as a curve on projective space, and CÁF ¼ a, where F is the fiber of the scroll.
From now on we will let T be a rational normal scroll of dimension 4 in P N , and of type (e 1 , . . . , e 4 ), where the e i are ordered in an nonincreasing way, and e 1 À e 3 1. Hence the subscroll P(O P 1(e 1 ) È O P 1(e 2 ) È O P 1(e 3 )) is of maximally balanced type. We will show that for positive a, and d exceeding a lower bound depending on a, a general 3-dimensional (anti-canonical) divisor of type 4H À (N À 5)F will contain an isolated rational curve of bidegree (d, a). To be more precise, we will show: Theorem 4.3. Let T be a rational normal scroll of dimension 4 in P N with a balanced subscroll of dimension 3 as decribed. Assume this subscroll spans a P g (so g ¼ e 1 þ e 2 þ e 3 þ 2) Let d ! 1, and a ! 1, be integers satisfying the following conditions:
(i) If g 1(mod 3), then either ðd; aÞ 2 fð gÀ1 3 ; 1Þ; ð2ðg À 1Þ=3; 2Þg;
Then the zero scheme of a general section of 4H À (N À 5)F will be a smooth Calabi-Yau threefold and contain an isolated rational curve of bidegree (d, a) .
This theorem will be proved in several steps. The fact that a general section is smooth follows from Bertini's theorem, and since the divisor is anti-canonical and of dimension 3, it will be a Calabi-Yau threefold. Here are the main steps in the proof of the statement about the existence of an isolated curve as described:
Using lattice-theoretical considerations we find a (smooth) K3 surface S in P g with Pic S ' ZH È ZD È ZG, where H is the hyperplane section class, D is the class of a smooth elliptic curve of degree 3 and G is a smooth rational curve of bidegree (d, a). Let T ¼ T S be the 3-dimensional scroll in P g swept out by the linear spans of the divisors in jDj on S. The rational normal scroll T will be of maximally balanced type and of degree e 1 þ e 2 þ e 3 .
(II) Embed T ¼ P(O P 1(e 1 ) È O P 1(e 2 ) È O P 1(e 3 )) (in the obvious way) in a 4-dimensional scroll T ¼ P(O P 1(e 1 ) È Á Á Á È O P 1(e 4 )) of type (e 1 , . . . , e 4 ). Hence T corresponds to the divisor class H À e 4 F in T, and S corresponds to a ''complete intersection'' of divisors of type H À e 4 F and 3H À (g À 4)F on T. We now deform the complete intersection in a rational family (i.e., parametrized by P 1 ) in a general way. For ''small values'' of the parameter we obtain a K3 surface with Picard group of rank 2 and no rational curve on it.
(III) Take the union over P 1 of all the K3 surfaces described in (II). This gives a threefold V, which is a section of the anti-canonical divisor
For a general complete intersection deformation the threefold will have only finitely many singularities, none of them on G. Then G will be isolated on V.
Then a general deformation W will be smooth and have an isolated curve G W of bidegree (d, a).
This strategy is analogous to the one used in Clemens (1983) to show the existence of isolated rational curves of infinitely many degrees in the generic quintic in P 4 , and in Ekedahl et al. (1999) to show the existence of isolated rational curves of bidegree (d, 0) in general complete intersection Calabi-Yau threefolds in some specific biprojective spaces.
Step (I) will be proved in Secs. 5 and 6, and Steps (II)-(IV) in Sec. 6.
Finiteness Questions
Let us say a few words about finiteness. Let T be a rational, normal scroll of dimension 4 in P N . A divisor of type 4H À (N À 5)F corresponds to a quartic hypersurface Q containing N À 5 given 3-spaces in the Ffibration of T. Then, for general such Q, we see that Q \ T is the union of a Calabi-Yau threefold and the N À 5 given 3-spaces. Each rational curve C of type (d, a) for a ! 1 intersects each 3-space in at most a, and hence a finite number of, points. For a given rational curve C 0 we want to study the following subset
) is essentially, as we shall see below, equivalent to finding h 0 (J(4)) (or (h 1 (J(4))), where J is the ideal sheaf in P N of the union X of C 0 and the N À 5 disjoint, linear 3-spaces, each intersecting C 0 as described. We then have the following result, which is Corollary 1.9 of Sidman (2001) 
We will use this result. Look at the following exact sequence:
This gives rise to the exact cohomology sequence
This gives:
Hence we see that
where h 1 (J X=T (4H)) is constant, say c, then the incidence stratum Lemma 4.6. The ideal sheaf of s linear k-spaces meeting (pairwise) in finitely many (or no) points is s-regular.
Putting these two results together, we observe that if C 0 spans an Corollary 4.7. On a general F in T of type (1, 1, 1, 1) in P 7 there are only finitely many smooth rational curves of degree at most 4. On a general F in T of scroll type (2, 1, 1, 1) in P 8 there are only finitely many smooth rational curves of degree at most 3.
Proof. We deduce that all X in question are 5-regular, so h 1 (J X=P N(4H)) ¼ 0 for all X, and hence all non-empty incidence varieties I d, a have dimension equal to dim G, and hence the second projection map p 2 has finite fibres over general points of G. &
Analogous Questions for Other Threefolds
We would like to remark on the possibility of finding an analogue of Theorem 4.3. Is it possible to produce isolated, rational curves of bidegree (d, a) for many (d, a), also on general CY threefolds of intersection type (2H À c 1 F, 3H À c 2 F) on five-dimensional rational normal scrolls in P N ? Here we obviously look at fixed (c 1 , c 2 ) such that c 1 þ c 2 ¼ N À 6. A natural strategy, analogous to that in the previous section, would be to limit oneself to work with rational normal scrolls P(O P 1(e 1 ) ÈÁ Á ÁÈ O P 1(e 5 )) such that P(O P 1(e 1 ) ÈÁ Á ÁÈ O P 1(e 4 )) is maximally balanced given its degree (that is: e 1 À e 4 1).
A natural analogue to Step (I) in the proof of Theorem 4.3 in the previous section is: Set g ¼ e 1 þÁ Á Áþ e 4 þ 3. Using lattice-theoretical considerations again, and with certain conditions on n, d and a, we find a (smooth) K3 surface S in P g with Pic S ' ZH È ZD È ZG, where H is the hyperplane section class, D is the class of a smooth elliptic curve of degree 4 and C is a smooth rational curve of bidegree (d, a). In particular, S has Clifford index 2. (See Sec. 5.1 for the definition of the Clifford index of a K3 surface.) Let T ¼ T S be the 4-dimensional scroll in P g swept out by the linear spans of the divisors in jDj on S. The rational normal scroll T will be maximally balanced of degree e 1 þ e 2 þ e 3 þ e 4 . In other words we should find an analogue of Proposition 6.2. It seems clear that we can do this.
The natural analogue of Step (II) in the previous section is: Embed T ¼ P(O P 1(e 1 ) ÈÁ Á ÁÈ O P 1(e 4 )) (in the obvious way) in a 5-dimensional scroll T ¼ P(O P 1(e 1 ) ÈÁ Á ÁÈ O P 1(e 5 )) of type (e 1 , . . . , e 5 ). Hence T corresponds to the divisor class H À e 5 F in T.
If g is odd, one would like to show that S is a ''complete intersection'' of 2 divisors, both of type 2HÀ gÀ5 2 F restricted to T. Therefore, it is a ''complete intersection'' of three divisors Z 5 , Q 1 , Q 2 , the first of type H À e 5 F, and the two Q i of type 2HÀ gÀ5 2 F on T. At the moment we have no watertight argument for this.
If g is even, one can show that S is a ''complete intersection'' of 2 divisors, of types 2HÀ gÀ4 2 F and 2HÀ gÀ6 2 F, restricted to T. Therefore, it is a ''complete intersection'' of three divisors Z 5 , Q 1 , Q 2 , of types H À e 5 F, 2HÀ gÀ4 2 F, and 2HÀ gÀ6 2 F on T. If one really obtains a complete intersection as described above, one might deform it in a rational family (i.e., parametrized by P 1 ). If S is given by equations Q 1 ¼ Q 2 ¼ 0, one looks at deformations
Here the B correspond to sections of H À e 5 F. For ''small values'' of the parameter one would like to obtain a K3 surface with Picard group of rank 2, Clifford index 1 (see Sec. 5.1 for the definition of the Clifford index of a K3 surface), and no rational curve on it. For g odd, there is no essential difference between the two types of deformations. For g even, the two deformations are different.
An analogue of Step (III) is: Eliminating s from the first set of equations, we obtain:
Eliminating s from the second set of equations, we obtain:
If g is odd, we obtain in both cases a ''complete intersection'' threefold of type
If g is even, the first threefold is of type
while the second is of type
Since g ¼ N À 1 À e 5 , we see that in all cases we have intersection type
The analogue of Step (IV) seems doable for g odd, but here Step (II), as remarked, is unclear. The details of this analogue for g even are also not quite clear to us.
K3 SURFACE COMPUTATIONS
The purpose of the section is to make the necessary technical preparations to complete Step (I) of the proof of Theorem 4.3. First we will recall some useful facts about K3 surfaces and rational normal scrolls. In Lemma 5.3 we introduce a specific K3 surface which will be essential in the proof of Step (I). In the last part of the section we make some K3-theoretical computations related to the Picard lattice of this particular K3 surface.
Some General Facts About K3 Surfaces
Recall that a K3 surface is a (reduced and irreducible) surface S with trivial canonical bundle and such that
We will use line bundles and divisors on a K3 surface with little or no distinction, as well as the multiplicative and additive notation, and denote linear equivalence of divisors by $.
Before continuing, we briefly recall some useful facts and some of the main results in Johnsen and Knutsen (2001) which will be used in the proof of Theorem 4.3.
Let C be a smooth irreducible curve of genus g ! 2 and A a line bundle on C. The Clifford index of A (introduced by Martens (1968) Note that Cliff A ¼ Cliff o C A À1 . It was shown by Green and Lazarsfeld (1987) that the Clifford index is constant for all smooth curves in a complete linear system jLj on a K3 surface. Moreover, they also showed that if Cliff C < b This was investigated further in Johnsen and Knutsen (2001) , where we defined the Clifford index of a base point free line bundle L on a K3 surface to be the Clifford index of all the smooth curves in jLj and denoted it by Cliff L. Similarly, if (S, L) is a polarized K3 surface, we defined the Clifford index of S, denoted by Cliff L (S) to be Cliff L.
The following is a summary of the results obtained in Johnsen and Knutsen (2001) that we will need in the following. Since we only need those results for ample L, we restrict to this case and refer the reader to Johnsen and Knutsen (2001) for the results when L is only assumed to be base point free. 2 þ1 generated by two smooth curves (so that, in particular, fD l g is without fixed components, and with exactly
The variety swept out by these linear spaces,
is a rational normal scroll (see Schreyer, 1986 ) of type (e 1 , . . . , e d ), where
. . .
We will need the following.
Then the scroll T defined by jDj as described above is smooth and of maximally balanced scroll type. Furthermore,
Proof. Let r :¼ maxfijL À iD ! 0g. Then by Riemann-Roch, and our hypothesis that
whence the scroll T is smooth and of maximally balanced scroll type. The assertions about its dimension and degree are immediate. &
Some Specific K3 Surface Computations
In the following lemma we introduce a specific K3 surface with a specific Picard lattice, which will be instrumental in proving Theorem 4.3. The element G in the lattice will correspond to a curve of bidegree (d, a) as described in that theorem. Proof. The signature of the matrix above is (1, 2) under the given conditions. By a result of Nikulin (1980) (see also Morrison, 1984 , Theorem 2.9(i)) there exists an algebraic K3 surface S with Picard group Pic S ¼ ZH È ZD È ZG and intersection matrix as indicated. Since L 2 > 0, we can, by using Picard-Lefschetz tranformations, assume that L is nef (see e.g., Oguiso, 1994 or Knutsen, 2002 . &
Note now that
if n 4 mod 3; 10 if n 5 mod 3; 12 if n 6 mod 3:
We will from now on write L 2 ¼ 2m, for
(in other words n m (mod 3)) and define
Also note that Pic S ' ZL È ZD È ZG, and that
divides jdisc(A, B, C)j for any A, B, C 2 Pic S. Now we will study the K3 surface defined in Lemma 5.3 in further detail. 
Proof. Since D.L ¼ 3, we have Cliff L 1 by Proposition 5.1. To prove the two first statements, it suffices to show (by classical results on line bundles on K3 surfaces such as in Saint-Donat (1974) and by Proposition 5.1) that there is no smooth curve E satisfying E 2 ¼ 0 and E.L ¼ 1, 2. Since E is base point free, being a smooth curve of non-negative selfintersection (see Saint-Donat, 1974) 
Inserting into
If m ¼ 4, we get from (8) that z ¼ ±1 and a(4a À 3d 0 ) ¼ 7. Since d 0 > 0, we must have (d 0 , a) ¼ (9, 7), which is present in case (b). (From (7) we get the integer solution (x, y, z) ¼ (À2, 3, 1) .)
If m ¼ 5, we get from (8) that z ¼ ±1 and a(5a À 3d 0 ) ¼ 8. Since d 0 > 0, we must have (d 0 , a) ¼ (2, 2), (6, 4) or (13, 8) , which are present in case (c).
(We can however check from (7) that (2, 2) and (13, 8) do not give any integer solutions for x and y, whereas (6, 4) gives the integer solution (x, y, z) ¼ ( À 1, 2, 1).)
If m ¼ 6, we get from (8) that either z ¼ 0 or a(2a
In the first case, we get the absurdity x ¼ 1=3 from (7), and in the latter we get the only solution (d 0 , a) ¼ (5, 3), which inserted in (7) gives the absurdity x ¼ 1=3 À z. We have therefore shown that L is base point free and that Cliff L ¼ 1.
To show that L is ample we have to show by the Nakai criterion that there is no smooth curve E satisfying E 2 ¼ À2 and E.L ¼ 0. By the Hodge index theorem again we have giving À1 E.D 1. The cases E.D ¼ ±1 are symmetric by interchanging E and ÀE, so we can restrict to treating the cases E.D ¼ 0 and E.D ¼ 1. We can write E $ xL þ yD þ zG. We get
Combining this with E.
Now we use
We first treat the case E.D ¼ 0. We get
which means that z ¼ ±1 or z ¼ ±3.
If z ¼ ±1, we find from (12) that ma À 3d 0 ¼ 0, and from (9) we find x ¼ Ç a 3 , whence 3ja. If in addition 9ja or m ¼ 6, then (x, y, z) ¼ ±(Àa=3, ma=9, 1) defines an effective divisor E with E 2 ¼ À2 and E.L ¼ E.D ¼ 0. If z ¼ ±3, we find from (10) that 3j2ma. But since a(ma À 3d 0 ) ¼ 8, we get the absurdity 3j16.
We now treat the case E.D ¼ 1. Then we have
We now divide into the three cases m ¼ 4, 5, and 6. If m ¼ 4, then (13) reads
which means that z ¼ ±1 and a(4a À 3d 0 ) ¼ 4, in particular a ¼ 1, 2 or 4. Since d 0 > 0 we only get the solutions
From (9) we get x ¼ 
respectively, whence (x, y, z, a, d 0 ) ¼ (À1, 2, 2, 2, 2), (3, À6, À2, 4, 6) and (À5, 8, 2, 8, 13) are the only solutions. If m ¼ 6, then (13) reads (9) and (10). Hence (x, y, z, a, d 0 ) ¼ (1, À3, À1, 2, 3) is the only solution for m ¼ 6.
So we have proved that L is ample except for the cases (a)-(d).
It is well-known (see e.g., Saint-Donat, 1974 or Knutsen, 2001a ) that an ample line bundle with Cliff L ¼ 1 is very ample.
If L is ample, it follows from Proposition 5.1 that jDj and jL À Dj are base point free and
We get the corresponding statement for H:
Lemma 5.5. Assume n, d and g do not satisfy any of the following conditions:
(i) na ¼ 3d, with 9ja if n 1, 2 (mod 3), and 3ja if n 0 (mod 3).
(ii) n 0 (mod 3), a ¼ 2 and d ¼ 3 þ 
Then H is very ample and Cliff
Denote by T the scroll defined by D. Then T is smooth and of maximally balanced scroll type. We now prove that
Since we have h 1 (R) ¼ 0 we get h 0 (R) ¼ 0, 1 or 2 respectively. In the first case we are therefore done, and in the second, we clearly have h 0 (R À D) ¼ 0, and now we also want to show this for
where jDj is the moving part of jRj and D is the fixed part. Since R.D ¼ 3, we get D.D ¼ 3, and since
where the G i 's are smooth non-intersecting rational curves satisfying
yield at most two integer solutions (x i , y i , z i ), whence at least two of the G i s have to be equal, a contradiction.
So we have proved that h 1 (H À iD) ¼ 0 for all i ! 0 such that H À iD ! 0. By Lemma 5.2 it follows that the scroll T is of maximally balanced type, whence smooth. &
In the next section we will describe under what conditions G is a smooth rational curve. We end this section with two helpful lemmas. Now we treat the case that is, (21) and (22) We will now complete the four steps of the proof of Theorem 4.3.
Proof of Step (I)
We start with some further investigations of the K3 surface with the Picard lattice introduced in Lemma 5.3:
Lemma 6.1. Assume L is ample. Then G is a smooth rational curve if and only if none of these special cases occurs:
is a nontrivial effective decomposition.
Proof. Since G 2 ¼ À2 and G.H > 0 we only need to show that G is irreducible. Consider B ¼ 3L À mD as defined above. Then
Case I. G.B > 0. Then d > 18. Assume that G is not irreducible. Then there has to exist a smooth rational curve g < G such that g.B G.B. 
If now g.B < 0, we get from Lemma 5.7 that (g.D)(g.B) ! À16, whence discðL; D; gÞ ¼ 2ðg:DÞðg:
So we must have disc(L, D, g) ¼ 0, whence by Lemma 5.6 we have
We will now show that d 0 < 2a as well, so that we end up in case (b) above.
To get a contradiction, assume that
, so D k must have at least one smooth rational curve in its support. Since we have just shown that the only smooth rational curve g such that g.B 0 is R, we have g 0 .B > 0 for any smooth rational curve 
Case II. G.B ¼ 0. Then d ¼ 18 and 3d 0 ¼ ma. Since we assume that L is ample, we have that 9 does not divide a if m ¼ 4 or 5 and 3 does not divide a if m ¼ 6 by Lemma 5.4. Assume that G is not irreducible. Then there has to exist a smooth rational curve g < G such that g.B 0. If g.B < 0, then g.D > 0 by Lemma 5.7, and we can argue as in Case I above. We end up in the case m ¼ 5 and g ¼ L À 2D, and since d 0 ¼ 5a 3 < 2a this is a special case of (b).
So we can assume that g.B ¼ 0 for any smooth rational curve in the support of B. By Lemma 5.7 again, for any such g we have the possibilities ðm; g:L; g:DÞ ¼ ð4; 4; 3Þ; ð4; 8; 6Þ; ð6; 2; 1Þ or ð6; 4; 2Þ; ð26Þ whence the case m ¼ 5 is ruled out. To prove that we end up in the cases (a) and (c) above, we have to show that a 6 ¼ 3, 6 when m ¼ 4 and a 6 ¼ 1, 2 when m ¼ 6. So assume m ¼ 4 and
2 ! 2, we get the contradiction from the Hodge index theorem:
If D 2 ¼ 0, we write D $ xL þ yD þ zG and use the three equations
to find the absurdity (x, y, z) ¼ ( Case III(b). G > R. We have
and (G À R).D ¼ a À 3 ! 0, whence 3 a 8 and
We leave it to the reader to verify that there are no integer solutions to (27) 
Now we claim that there has to exist a smooth rational curve Using (3) and (4) we obtain:
Proposition 6.2. Let n ! 4, d > 0 and a > 0 be integers satisfying the following conditions:
Then there exists a (smooth) K3 surface of degree 2n in P nþ1 , containing a smooth elliptic curve D of degree 3 and a smooth rational curve G of degree d with D.G ¼ a, and such that
where H is the hyperplane section class. Furthermore, the rational normal scroll T S defined by the pencil jDj is smooth and of maximally balanced scroll type.
We now set g ¼ n þ 1. At this point, for each g ! 5, we have found a 17-dimensional family of (smooth) projective K3 surfaces in P g (since the rank of the Picard lattices are 3), each with Clifford index 1, and with a rational curve as described on it. Moreover, for each member of the family, the associated 3-dimensional rational scroll T is of maximally balanced type. Moreover it is a standard fact that any polarized K3 surface S in a 3-dimensional rational normal scroll T is such that S is an anticanonical divisor of type 3H T À (g À 4)F T on T, where H T and F T denote the hyperplane section and the P 1 -fibre of the scroll, respectively. The notation H and F will be used for corresponding divisors on a larger, four-dimensional scroll H into which T will be embedded.
For all g ! 5 a 3-dimensional rational scroll T of maximally balanced type in P g is isomorphic to one such, say T 0 in P c , with c ¼ 5, 6, or 7. Here g ¼ c þ 3b, where c ¼ m þ 1 ¼ 5, 6 or 7, and b positive. We let H T (as written above) and H 0 be the divisors on this scroll corresponding to the hyperplane divisors on T and T 0 , respectively. Then
F T , so that we can translate any question about sections of 3H T À (g À 4)F T on scrolls of maximally balanced type for g ! 5 to one where g ¼ 5, 6, or 7.
Proof of Step (II)
Let us perform Step (II). Assume first for simplicity c ¼ 5, so g ¼ c þ 3b, for some non-negative b. We use so-called rolling factors coordinates (see for example Stevens, 2000) Z 1 , Z 2 , Z 3 for each fibre of T ¼ T S , which is isomorphic to P(O P 1(e 1 ) È O P 1(e 2 ) È O P 1(e 3 )), and (t, u) for the P 1 , over which T is fibered. Then the equation of S, being a zero scheme of a section of 3H T À (g À 4)F T on T, is
Here the p i (t, u) are quadratic polynomials in (t, u) . If c ¼ 6 or 7, then the corresponding expression is:
where deg
In the larger scroll T ¼ P(O P 1(e 1 ) ÈÁ Á ÁÈ O P 1(e 4 )) the equation of S is given by the additional equation
, and look at the following two equations:
Here Q 1 has the same form as Q, while Q þ sðBAðt; u; Z 1 ; Z 2 ; Z 3 ; sLÞ þ Q 1 ðt; u; Z 1 ; Z 2 ; Z 3 ; sBÞÞ ¼ 0:
By choosing Q 1 , A, B in a convenient way, we may express any Q þ sQ 0 in this way, for all Q 0 of the same form as Q (We can choose Q 1 not to involve Z 4 if we like). Hence we can obtain all possible deformations of the equation Q this way, that is we can obtain all possible deformations as sections of 3H T À (g À 4)F T on T (We move T too, but in a familiy of isomorphic rational normal scrolls, and t, u, Z 1 , Z 2 , Z 3 are coordinates for all these scrolls, simultaneously). By choosing Q 1 (and B and A if we like) in a convenient way, we then deform the K3 surface to one with Picard lattice generated by a pair of generators L i and D i only, all with the same intersection matrix. This is true since a zero scheme of a general section of 3H T À (g À 4)F T on T gives a general member of an 18-dimensional family of polarized K surfaces, all having Picard lattice generated by such L i and D i .
Proof of Step (III)
If we eliminate (u, v) from the two equations above, and thus form the union of all the deformed surfaces, for varying (u, v) we obtain a threefold V with equation:
By, for example, studying the description on p. 3 in Stevens (2000) , one sees that V is the zero scheme of a section of À K T ¼ 4H À (N À 5)F, where N ¼ e 1 þ Á Á Á þ e 4 þ 3 ¼ g þ e 4 þ 1 is the dimension of the projective space spanned by T. Moreover, one argues as in Ekedahl et al. (1999) that for a general choice of A, B, Q 1 the threefold V is only singular at the finitely many points given by Q ¼ Q 1 ¼ Z 4 ¼ B ¼ 0, and that none of these points is contained in G. in the numerical ring of T.
The essential result, inspired from Ekedahl et al. (1999) , is the following: Proof. A straightforward generalization of the proof of Lemma 5.3 of Ekedahl et al. (1999) . In that lemma one expresses the elements of Q 0 , and L 0 as hypersurfaces in the projective space where V sits. In our case this is true locally each point. Since the proof is local, it works also here. & Remark 6.4. It is also clear that Z(Q 0 , Q 1 , L 0 , L 1 ) \ V ¼ Z(Q 1 , L 1 ) \ S will intersect C in an empty set for general Q 1 , L 1 , since Q 0 , and L 0 are base point free divisors. Hence Z(l) will contain C and be non-singular at all points of C for general Q 1 , L 1 .
Just as in the proofs of Lemmas 2.4 and 2.7 of Oguiso (1994) , or in Theorem 4.3 and part 5.1 of Ekedahl et al. (1999) , we see that for an arbitrary such deformation of Q the curve G is isolated in V. The essential argument is already given on pp. 22-23 in Clemens (1983) .
Proof of Step (IV)
This follows as on pp. 25-26 in Clemens (1983) , or as in the proof of Theorem 3.4 of Ekedahl et al. (1999) Proof. Let t, u, Z 1 , . . . , Z 4 as usual be coordinates of T. Let r, s be homogeneous coordinates of the C ¼ P 1 which is mapped into T as a rational curve of bidegree (d, a) . This map corresponds to some (not uniquely defined) parametrization t ¼ Tðr; sÞ; u ¼ Uðr; sÞ; Z 1 ¼ S 1 ðr; sÞ; . . . ; Z 4 ¼ S 4 ðr; sÞ: The dim G þ 1 coefficients of the p i 1 , . . . , i4 can be viewed as homogeneous coordinates of G. In this equation we now insert the parametrizations T(r, s), U(r, s), S 1 (r, s), . . . , S 4 (r, s). This gives an equation involving the coordinates of G and the dim N coefficients of these 6-tuples, and in addition r, s. We may view this as a homogeneous polynomial of degree 4d þ a(5 À N) in r, s, since deg p i 1 , . . . , i4 (t, u) ¼ i 1 e 1 þ Á Á Á þ i 4 e 4 À (N À 5). The equation of the incidence J in N Â G is obtained by setting all the 4d þ a(5 À N) þ 1 coefficients of this polynomial equal to zero. Since this number of coefficients is equal to dim M, we get dim M equations in an ambient space N Â G of dimension dim M þ dim G þ 6. Hence all components of J have dimension at least dim G þ 6, and consequently all components of I have dimension at least dim G. Now we simply differentiate the second projection map p 2 : I ! G. If the kernel of the tangent space map is zero at a point of I, then the tangent map is injective, and therefore surjective, since dim I ! dim G at all points of I. Now this kernel is zero at ( 
